Nonunital non-Markovian dynamics induced by a spin bath and interplay of
  quantum Fisher information by Hao, Xiang et al.
ar
X
iv
:1
31
1.
59
52
v1
  [
qu
an
t-p
h]
  2
3 N
ov
 20
13
Nonunital non-Markovian dynamics induced by a spin bath and
interplay of quantum Fisher information
Xiang Hao,1, 2, ∗ Wenjiong Wu,1 and Shiqun Zhu3
1School of Mathematics and Physics,
Suzhou University of Science and Technology,
Suzhou, Jiangsu 215011, People’s Republic of China
2Department of Physics, Renmin University of China, Beijing 100872, China
3School of Physical Science and Technology, Soochow University,
Suzhou, Jiangsu 215006, People’s Republic of China
Abstract
We explore the nonunital non-Markovian dynamics of a qubit immersed in a spin bath. The
nonunital environmental effects on the precisions of quantum parameter estimation are investigated.
The time-dependent transfer matrix and inhomogeneity vector are obtained for the description of
the open dynamical process. The evolution of the coherent vectors for a qubit is studied so as
to geometrically demonstrate the nonunital non-Markovian effects. The revivals of angles for
the fidelity between a maximal mixed state and an arbitrary trajectory state are presented in
the nonunital non-Markovian dynamics. The degree for the nonunitality is controllable with the
changes of the local magnetic field for a qubit and spin bath temperature. It is found out that
the increase of quantum Fisher information for composite states is connected with the nonunital
non-Markovian effects, which is helpful for the improvement of quantum metrology.
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I. INTRODUCTION
There are always energy or information exchanges between open quantum systems and
environments, owing to external measurements and inherent spontaneous decays [1, 2]. The
open dynamical process can be regarded as Markovian dynamics in the weak coupling ap-
proximation where the correlation time of the bath is much smaller than the decay time of
the open system. During a Markovian evolution, quantum informations embodied by open
systems are gradually destroyed [3]. Indeed, actual interactions between quantum systems
and environments generally give rise to one non-Markovian dynamics [2]. The revivals of po-
larization parameters [4], quantum correlations [5], quantum entanglement [6] and quantum
Fisher information [7, 8] can happen in the non-Markovian decoherence channel. Much more
works have been presented in order to help people to understand non-Markovian dynami-
cal processes [9–15]. As is known, quantum spin bath [16–20] has the rich non-Markovian
phenomena which is useful for the solid-state quantum information processing [21, 22].
Many useful measures on the non-Markovian degree for a dynamical map have been sug-
gested in the recent years [23–29]. The measures based on distance fidelity [23, 24, 30, 31],
entanglement [25], indivisibility [26], quantum discord [27] and Fisher information [28] are
applied to quantitatively evaluate some non-Markovian dynamics such as dephasing channel
and general amplitude-damping one. Besides the non-Markovian effects, the nonunital prop-
erty of the environment is necessary for the generation of quantum discord for composite
states [32]. One kind of reasonable measure is introduced to take into account the nonunital
effects on the degree for the non-Markovianity [29].
In this paper, we expect to present one spin environment with both non-Markovian effects
and nonunital ones. The general expression of a nonunital dynamical process is obtained by
the time-dependent transfer matrix and inhomogeneity vector in Sec. II. For an example, we
put forward the model consisting of a qubit coupled to a spin bath with infinite number of
lattices in Sec. III. To clearly understand the nonunital non-Markovian effects, we provide
a geometrical explanation. The actual length for Bures fidelity is utilized to measure the
degree for the non-Markovian nonunitality. As one kind of application, the impacts of the
nonunital non-Markovian environment on quantum estimation are studied in Sec. IV. The
mutual actions between quantum Fisher information and nonunital non-Markovianity are
also investigated. A short discussion concludes the paper.
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II. GENERAL DESCRIPTION OF NONUNITAL EVOLUTION
The dynamical physical process for an open d-dimension system is generally described
by a noisy quantum map Λt. Without the consideration of the correlation between systems
and environments, the reduced density matrix for the open system at arbitrary time t > 0
can be obtained as
Λt(ρ0) := TrE
[
Uˆ(t)ρ0 ⊗ ρEUˆ †(t)
]
. (1)
The initial states for the system and environment are respectively ρ0 and ρE . The unitary
evolution operator is represented by Uˆ(t) = exp[−i(HS +HE +HI)t] where HS(E) denotes
the Hamiltonian for the system(environment) and the interaction Hamiltonian is expressed
as HI . Assuming that ρ0 =
∑d−1
m,k=0 ̺mk|m〉〈k|, we can also represent the expression of the
reduced density matrix as Λt(ρ0) =
∑d−1
m,k=0 ̺mkFˆmk(t). Here, the decoherence factors Fˆmk(t)
are defined as,
Fˆmk(t) = TrE
[
Uˆ(t)|m〉〈k| ⊗ ρEUˆ †(t)
]
. (2)
To geometrically describe the dynamics of an arbitrary d-dimension system, we make
use of a general Bloch or coherent vector [2, 33, 34] ~λ = (λ1, · · · , λd2−1)T which is based
on a (d2 − 1) × (d2 − 1) time-dependent transfer matrix T (Λt) and inhomogeneity vector
~r(Λt) = (r1, · · · , rd2−1)T. The general evolution expression for a coherent vector is presented
as,
~λ(t) := Λt[~λ(0)] = T (Λt) · ~λ(0) + ~r(Λt). (3)
The density matrix ρ is also expressed as ρ = I
d
+
∑d2−1
µ=1 λµOˆµ where I is the identity matrix
and {Oˆµ} is a complete set of Hermitian and orthonormal operators satisfying that Oˆ†µ = Oˆµ
and Tr[Oˆ†µOˆν ] = δµν [33, 34]. The components of the vector is calculated as λµ = Tr[Oˆ
†
µρ].
The nonunital non-Markovian effects from the environment can be described by the time-
dependent transfer matrix and the inhomogeneity vector. These components are calculated
as Tµν(Λt) = Tr[Oˆ†µΛt(Oˆν)] and rµ(Λt) = 1dTr[Oˆ†µΛt(I)]. Furthermore, the composition of
the quantum channels ΛA◦Bt with respect to two non-interacting systems A,B can be easily
expressed as ΛA◦Bt = Λ
A
t · ΛBt .
The transfer matrix and inhomogeneity vector are determined by the decoherence factors,
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which are also obtained as,
Tµν(Λt) =
∑
{k,j}∈Rν
Tr[Oˆ†µFˆ
ν
kj ],
rµ(Λt) =
1
d
d−1∑
m=0
Tr[Oˆ†µFˆmm]. (4)
In the above expressions, the Hermitian operator can be represented as Oˆν =∑
{k,j}∈Rν |k〉〈j|. In the case of d = 2, the complete set of Hermitian operators is repre-
sented by the Pauli matrix Oˆ1 = σˆx = |1〉〈0| + |0〉〈1|, Oˆ2 = σˆy = |1〉〈0| − i|0〉〈1|, and
Oˆ3 = σˆz = |1〉〈1| − |0〉〈0|.
To clearly present the nonunital effects on the dynamics, we may select any two initial
orthogonal states |ψ1,2(0)〉 with the two collinear Bloch vectors of ~λ1(0) + ~λ2(0) = 0. Under
the condition of ~r = 0, the dynamical process is unital. From the point of view of Bloch
vectors, the orientations for the general Bloch vectors for any two orthogonal states always
keep collinear during the unital dynamics. However, for a nonunital decoherence channel
with the nonzero inhomogeneity vector ~r(Λt) 6= 0, the initial orthogonal states with collinear
Bloch vectors will be mapped onto others with non-collinear vectors of ~λ1(t) + ~λ2(t) 6= 0.
Besides the nonunital effects, the environment is of the important non-Markovian property
which can give rise to the energy or information exchange between the bath and the open
system. In the following section, we will consider a central spin coupled to a spin bath. A
nonunital non-Markovian dynamical process can be obtained by using a special operator
method without any Markovian approximation.
III. ANALYSIS OF SPIN BATH MODEL
For an example, the model composed of a qubit(d = 2) and spin environment is described
by the Hamiltonian as,
H := HS +HE +HI , (5)
where
HS =
1
2
ǫσˆz, (6)
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ǫ is the local external magnetic field. The spin bath Hamiltonian with the Heisenberg XY
interaction J between any two spin lattices, is written as,
HE =
J
L
∑
〈ij〉
(τˆi,+τˆj,− + τˆi,−τˆj,+). (7)
Here τˆi,± is the raising or lowering operator for the i-th lattice of the bath and L is the total
number of lattices. Meanwhile, the interaction Hamiltonian is also given as,
HI =
J0√
L
L∑
j=1
(σˆ+τˆj,− + σˆ−τˆj,+), (8)
where J0 is the coupling strength between a central spin and any spin for the bath. By using
the Holstein-Primakoff transformation [35] in the approximation of L ≫ 1, we can rewrite
the total spin operators Sˆ± =
∑L
j=1 τˆj,± as the bosonic creation and annihilation operators,
Sˆ+ =
√
Lbˆ†
√
1− nˆ
L
,
Sˆ− =
√
L
√
1− nˆ
L
bˆ. (9)
The number operator for the bosonic field is nˆ = bˆ†bˆ with nˆ|n〉 = n|n〉 and [bˆ, bˆ†] = 1. Here
|n〉 is the bosonic field number state. The mean approximation of 1
L
is valid if the number of
spin lattices in excited states n is much less than the total number L [36]. The interaction
Hamiltonian and bath Hamiltonian can also be simplified as,
HI =
J0
2
[
σˆ+(1− nˆ
L
)bˆ+ σˆ−bˆ†(1− nˆ
L
)
]
,
HE = 2Jnˆ(1− nˆ
L
). (10)
Under the condition of the bath at finite temperature, the initial total state for the
system and bath is factorized as ρ0 ⊗ ρE where ρE = 1Z exp(−HE/T ) with the partition
function Z =
∑N
n=0 exp[−2Jn(1 − nL)/T ]. When the integer numbers n,N ≪ L, L > 300
and finite temperatures T
J
< 10, the dynamical results are reasonably considered as that of
the thermodynamics limit [37]. We can obtain the analytical results in the thermodynamics
limit of L → ∞. The effective form of the interaction Hamiltonian in Eq. (10) is very
similar with that of a Jaynes-Cumming type which can be block-diagonalized in the product
basis of {|j;n〉}. |j = 1, 0〉 is the spin state for the open qubit. During the dynamical
process, the total quantum number j + n keeps constant. By the special operator method
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introduced in the reference [17], the unitary evolution operator acting on the open system can
be obtained analytically. In the thermodynamic limit, Uˆ(t)|1〉 = Aˆ(t)|1〉 + Bˆ(t)|0〉 where
Aˆ and Bˆ are respectively expressed by the number operator as Aˆ = exp(−i2Jnˆt)Aˆ1 and
Bˆ = bˆ† exp(−i2Jnˆt)Bˆ1. Similarly, Uˆ(t)|0〉 = Cˆ(t)|1〉+ Dˆ(t)|0〉 where Cˆ = bˆ exp(−i2Jnˆt)Cˆ1
and Dˆ = exp(−i2Jnˆt)Dˆ1. Here these operators nˆ, Aˆ1, Bˆ1, Cˆ1 and Dˆ1 are commuted to each
other and calculated by the following coupled differential equations like,
i
dAˆ1
dt
=
ǫ
2
Aˆ1 + J0(nˆ+ 1)Bˆ1,
i
dBˆ1
dt
= J0Aˆ1 − ( ǫ
2
− 2J)Bˆ1,
i
dCˆ1
dt
= J0Dˆ1 + (
ǫ
2
− 2J)Cˆ1,
i
dDˆ1
dt
= − ǫ
2
Dˆ1 + J0nˆCˆ1. (11)
After solving the above equations, we can obtain all of the decoherence factors Fˆmk(t).
According to Eq. (4), the time-dependent transfer matrix is expressed as,
T (Λt) =


T11 T12 0
T21 T22 0
0 0 T33

 , (12)
where the real elements are T11 = −T22 = 12
∑
(A1D
∗
1 + D1A
∗
1)e
− 2Jn
T , T12 = T21 =
1
2i
∑
(A1D
∗
1 − D1A∗1)e−
2Jn
T , and T33 = 12
∑
[A1A
∗
1 − (n+ 1)B1B∗1 +D1D∗1 − nC1C∗1 ] e−
2Jn
T .
These parameters are calculated as A1 = e
−iJt(cos Γt + i2J−ǫ
2Γ
sin Γt), B1 =
−ie−iJt J0
Γ
sin Γt, C1 = −ie−iJt J0∆ sin∆t, and D1 = e−iJt(cos∆t − i2J−ǫ2∆ sin∆t) with Γ =√
J20 (n + 1) + (J − ǫ2)2 and ∆ =
√
J20n + (J − ǫ2)2. Meanwhile, the inhomogeneity vector
is also obtained as,
~r(Λt) = (0, 0, r3)
T. (13)
r3 =
1
2
∑
[A1A
∗
1 − (n+ 1)B1B∗1 −D1D∗1 + nC1C∗1 ] e−
2Jn
T . In the thermodynamics limit, all
summation symbols are calculated as
∑
=
∑∞
n=0.
The above dynamical map is applicable in both strong and weak coupling cases. This
result is very different from the Markovian approximation in quantum master equation. By
means of the transfer matrix and inhomogeneity vector, we can further study the degree for
the nonunital non-Markovian effects from the spin bath model.
6
IV. NONUNITAL NON-MARKOVIANITY AND QUANTUM FISHER INFOR-
MATION
To clearly show the nonunital non-Markovian effects, we choose the two initial orthogonal
states as |ψ1(0)〉 = 1√2(|1〉 + |0〉) and |ψ2(0)〉 = 1√2(|1〉 − |0〉). The time-dependent Bloch
vectors for the two states are given by ~λ1(t) = (T11, T21, r3)T and ~λ2(t) = (−T11,−T21, r3)T.
In the Figure 1(a), the angles between the two Bloch vectors for the two states are non-
monotonically decreasing in the Bloch sphere. The revivals of the angles for the two states
are presented in the non-Markovian dynamics. Moreover, the lengths of the Bloch vectors
|~λ1,2(t)|2 are suppressed or increased. These phenomena result from the nonunital non-
Markovian effects which can lead to the backflow of the information from the environment
to the system.
Compared with the spin bath model, a common Markovian amplitude damping dynamical
process is also shown in Figure 1(b). The angles for the two states monotonically decay.
The transfer matrix is T (Λt) = diag(√p,−√p, p) and the inhomogeneity vector ~r(Λt) =
(0, 0, p − 1)T. The time-dependent decay parameter is defined as p(t) = exp(−γt) and
γ > 0. The Bloch vectors for the two states are obtained as ~λ1(t) = (
√
p, 0, p − 1)T and
~λ2(t) = (−√p, 0, p − 1)T. When the passing time t is very long, the Bloch vectors for the
two states infinitely trends to the same one and the angle for the two vectors are always
decreased to zero. This result means that the information of the system always loses to the
Markovian environment. It is also mentioned that the lengths of the two vectors can also
be decreased or increased. We demonstrate that the revival behavior of the length of the
Bloch vector cannot exactly describe the non-Markovian effects.
From the point of view of quantitative description, we can utilize the angle DB for the
Bures fidelity [3] between an initial state |Ψ0〉 and the final mixed states Λt(|Ψ0〉〈Ψ0|) as
a measure of the degree for the nonunital non-Markovianity. The general definition of the
Bures angle is expressed as,
DB := arccos
√
〈Ψ0|Λt(|Ψ0〉〈Ψ0|)|Ψ0〉. (14)
The Bures angle is an appropriate monotonic distance under a complete positively and trace
preserving map of the density matrix. During a Markovian dynamical map, the Bures angle
between the two states always monotonically decreases. The non-Markovian effects can
result in the increase of the Bures angle, i.e., dDB
dt
> 0.
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The nonunital map satisfies that Λt(
I
d
) = I
d
+
∑d2−1
µ=1 rµOˆµ. The non-Markovian evolving
behavior of the inhomogeneity ~r(Λt) vector from the maximally mixed initial state can
represent both the non-Markovian effects and the nonunital impacts. Therefore, similar to
the definition in [29], one measure based on the Bures angle is defined as,
N := max
{ρτ}
∫
dDB
dt
>0
dDB(t, ρτ )
dt
dt, (15)
where the trajectory states ρτ = Λτ (
I
d
), 0 < τ <∞ are the evolving state from the maximally
mixed initial state ρ0 =
I
d
and the Bures angle is DB(t, ρτ ) = DB[Λt( Id),Λt(ρτ )].
In the case of the spin bath model, we can obtain the Bures angle between the maximally
mixed state and the selectable trajectory state as,
DB = arccos 1
2
∑
θ=±1
√
(1 + θr3,t)(1 + θr3,t + θT33,tr3,τ ). (16)
Figure. 2 shows the effects of the local magnetic field ǫ and the bath temperature T on the
dynamics of the Bures angle. It is found out that the non-Markovian revivals of the Bures
angle are mostly pronounced at the low bath temperature under the resonant condition of
ǫ = 2J . On one hand, the non-Markovian behavior is suppressed when the detuning case
of ǫ > 2J is considered. With the increasing of detuning, the interactions between the
central qubit and bath are weaker than the transition energy of the qubit applied by the
local field. Therefore, the impacts of the environment on the dynamics of the qubit become
fragile. On the other hand, the high bath temperature dynamical process can also reduce
the non-Markovian behavior of the Bures angle. This is the reason that the bath at high
temperature appears to be in a very disorderly mixed state. The information of the qubit
very quickly loses to the bath and very little information can return to the system from the
environment.
As one efficient application of the nonunital non-Markovian dynamics, it is of value to
investigate the nonunital non-Markovian effects on the precision of quantum estimation.
Quantum Fisher information [38, 39] is a key quantity for describing the sensitivity of a
quantum state with respect to a parameter χ. Quantum Fisher information can provide
a lower bound of the variance of any unbiased estimator due to the quantum Cram´er-
Rao inequality [31]. A large value of quantum Fisher information represents an attainable
measurement with a high precision. Among many versions of quantum Fisher information,
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there is a famous definition [38, 39] as,
Fχ := Tr(∂ρχ
∂χ
Lχ) = Tr(ρχL2χ). (17)
The symmetric logarithmic derivatives Lχ is determined by ∂ρχ∂χ = 12{ρχ,Lχ}. By diagonal-
izing the density matrix for the quantum state as ρχ = ̺m|ψm〉〈ψm| with
∑
m ̺m = 1, we
can transform the expression of the quantum Fisher information into,
Fχ :=
∑
m
1
̺m
(
∂̺m
∂χ
)2 + 2
∑
m6=k
(̺m − ̺k)2
̺m + ̺k
∣∣〈ψm| ∂
∂χ
ψk〉
∣∣2. (18)
The amplitudes ϑ for quantum states are changing because of the nonunital non-
Markovian decocherence. We will evaluate the precision of quantum estimation about the
amplitudes. We may assume that the initial composite state is chosen as the product state
|Ψϑ(0)〉 = Π⊗j=A,B cos ϑ2 |1j〉 + sin ϑ2 |0j〉 with ϑ ∈ [0, π). According to Eq. (18), the quantum
Fisher information with the parameter ϑ = π
2
is calculated as,
FProdϑ=pi
2
= T 233 +
r23T 233
1− r23 − T 211 − T 212
. (19)
If the initial entangled state is given as |Ψϑ(0)〉 = cos ϑ2 |11〉AB + sin ϑ2 |00〉AB, the quan-
tum Fisher information FQCϑ with the parameter ϑ can also be numerically obtained by
Eq. (18). The density matrix for the composite states can be diagonalized as ρA◦B(t) =∑4
m=1 ̺m(t)|ψm〉〈ψm| with the eigenvalues and corresponding eigenvectors as,
̺1,2 = cos
2 ϑ
2
αξ + sin2
ϑ
2
βδ,
̺3,4 =
1
2
cos2
ϑ
2
(α2 + ξ2) +
1
2
sin2
ϑ
2
(β2 + δ2)
+
1
2
√
cos2
ϑ
2
[
(α2 − ξ2) + sin2 ϑ
2
(β2 − δ2)
]2
+ sin2 ϑ
∣∣(T11 + iT12)2∣∣2,
|ψ1,2〉 = |10〉AB(|01〉AB),
|ψ3,4〉 = x3,4|11〉AB + y3,4|00〉AB. (20)
Here, α =
∑∞
n=0A1A
∗
1e
− 2Jn
T , β =
∑∞
n=0 nC1C
∗
1e
− 2Jn
T and ξ = α − T33 − r3, δ = β + T33 −
r3. The coefficients of the eigenvectors for j = 3, 4 are calculated by xj/yj = sinϑ(T11 +
iT12)2/[2(̺j − cos2 ϑ2α2 − sin2 ϑ2β2)] and |xj |2 + |yj|2 = 1.
The dynamical behavior of the quantum Fisher information for composite states with
respect to the amplitude are shown in Figure 3. It is clearly seen that the oscillation of
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FQCϑ is markedly strong in the resonant case of ǫ = 2J . With the increasing of the bath
temperature T , the revivals of FQCϑ are reduced. Under the condition of the large detuning
ǫ = 6J , the values of the quantum Fisher information weakly oscillate in the vicinity of a
certain high value. Besides it, the quantum Fisher information for composite entangled states
FQCϑ is always superior to that for product state FProdϑ . It is found out that the nonunital
non-Markovian effects can enhance the precision of quantum parameter estimation.
To furthermore demonstrate the relations of quantum Fisher information and nonunital
non-Markovianity, we study the derivatives of them with respect to time. The positive
derivatives of quantum Fisher information denote the backflow of the information from the
bath to system, which is regarded as non-Markovian behavior. Meanwhile, we use the Bures
angle to evaluate the degree for nonunital non-Markovianity. In Figure 4, the dynamics of
dFϑ
dt
is synchronous with that of dDB
dt
. That is, the increase of the quantum Fisher information
also represents the existence of the nonunital non-Markovian effects.
V. DISCUSSION
The nonunital non-Markovian effects from the environment can be studied by the time-
dependent transfer matrix and inhomogeneity vector which are determined by the decoher-
ence factors. The nonunital non-Markovian dynamics of the open system in a spin bath is
analytically obtained in the thermodynamics limit by using the special operator method.
We may select any two orthogonal initial states with collinear Bloch vectors. The nonuni-
tal non-Markovian environment leads to the two evolving states with non-collinear vectors.
The revivals and suppressing of the angles between the two Bloch vectors happen in the
nonunital non-Markovain dynamics, which is different from the monotonic decrease of the
angles in the Markovian dynamics.
We also use the Bures angle to measure the degree for the nonunital non-Markovianity.
In the resonant case, the nonunital non-Markovain effects are prominent at the low bath
temperature. As one possible application, the nonunital non-Markovian bath can give rise
to the enhancement of the precision of quantum parameter estimation. The increase of
the quantum Fisher information for composite states with respect to the amplitude is in
accordance with that of the Bures angle. This also provides another efficient way to the
quantitative description of the nonunital non-Markovian effects.
10
VI. ACKNOWLEDGMENT
This work is supported by the National Natural Science Foundation of China under Grant
No. 11074184, 11174363 and No. 11174114. X. H. is financially supported from the China
Postdoctoral Science Foundation funded project No. 2012M520494, the Basic Research
Funds in Renmin University of China from the central government project No. 13XNLF03.
[1] U. Weiss, Quantum Dissipative Systems(World Scientific, Singapore, 1999).
[2] H.-P. Breuer and F. Petruccione, The Theory of Open Quantum Systems(Oxford University
Press, Oxford, 2001).
[3] M. A. Nielsen and I. L. Chuang, Quantum Computation and Quantum Information(Cambridge
University Press, Cambridge, 2000).
[4] A. W. Chin, S. F. Huelga, and M. B. Plenio, Phys. Rev. Lett. 109, 233601(2012).
[5] R. Lo Franco, B. Bellomo, E. Andersson, and G. Compagno, Phys. Rev. A 85, 032318(2012).
[6] J. H. An and W. M. Zhang, Phys. Rev. A 76, 042127(2007).
[7] X. Hao, N. H. Tong and S. Zhu, J. Phys. A: Math. Theor. 46, 355302(2013).
[8] K. Berrada, Phys. Rev. A 88, 035806(2013).
[9] T. J. G. Apollaro, C. Di Franco, F. Plastina, and M. Paternostro, Phys. Rev. A 83,
032103(2011).
[10] M. Zˇnidaricˇ. C. Pineda, and I. Garc´ıa-Mata, Phys. Rev. Lett. 107, 080404(2011).
[11] B. H. Liu, L. Li, Y. F. Huang, C. F. Li, G. C. Guo, E. M. Laine, H. P. Breuer, and J. Piilo,
Nat. Phys. 7, 931(2011).
[12] P. Haikka, J. Goold, S. McEndoo, F. Plastina, and S. Maniscalco, Phys. Rev. A 85,
060101(R)(2012).
[13] E. M. Laine, H. P. Breuer, J. Piilo, C. F. Li, and G. C. Guo, Phys. Rev. Lett. 108,
210402(2012).
[14] L. Mazzola, C. A. Rodr´ıguez-Rosario, K. Modi, and M. Paternostro, Phys. Rev. A 86,
010102(R)(2012).
[15] W. M. Zhang, P. Y. Lo, H. N. Xiong, MatisseWei-Yuan Tu, and F. Nori, Phys. Rev. Lett.
109, 170402(2012).
11
[16] H. Krovi, O. Oreshkov, M. Ryazanov, and D. A. Lidar, Phys. Rev. A 76, 052117(2007).
[17] X. Z. Yuan, H. S. Goan, and K. D. Zhu, Phys. Rev. B 75, 045331(2007).
[18] S. Camalet and R. Chitra, Phys. Rev. B 75 094434(2007).
[19] E. Ferraro, H. P. Breuer, A. Napoli, M. A. Jivulescu, and A. Messina, Phys. Rev. B 78,
064309(2008).
[20] S. Lorenzo, F. Plastina, and M. Paternostro, Phys. Rev. A 87, 022317(2013).
[21] W. M. Witzel and S. Das Sarma, Phys. Rev. B 76, 045218(2007).
[22] K. Khodjasteh, H. Bluhm, and L. Viola, Phys. Rev. A 86, 042329(2012).
[23] H. P. Breuer, E. M. Laine, and J. Piilo, Phys. Rev. Lett. 103, 210401(2009).
[24] R. Vasile, S. Maniscalco, M. G. A. Paris, H. P. Breuer, and J. Piilo, Phys. Rev. A 84,
052118(2011).
[25] A´. Rivas, S. F. Huelga, and M. B. Plenio, Phys. Rev. Lett. 105, 050403(2010).
[26] S. C. Hou, X. X. Yi, S. X. Yu, and C. H. Oh, Phys. Rev. A 83, 062115(2011).
[27] S. L. Luo, S. S. Fu, and H. T. Song, Phys. Rev. A 86, 044101(2012).
[28] X. M. Lu, X. Wang, and C. P. Sun, Phys. Rev. A 82, 042103(2010).
[29] J. Liu, X. M. Lu, and X. Wang, Phys. Rev. A 87, 042103(2013).
[30] W. K. Wootters, Phys .Rev. D 23, 357(1981).
[31] S. L. Braunstein and C .M. Caves, Phys. Rev. Lett. 72, 3439(1994).
[32] A. Streltsov, H. Kampermann, and D. Bruß, Phys. Rev. Lett. 107, 170502(2011).
[33] K. Kraus, States, Effects and Operations: Fundamental Notions of Quantum The-
ory(Academic, Berlin, 1983).
[34] I. Bengtsson and K. Z˙yczkowski, Geometry of Quantum States: An Introduction to Quantum
Entanglement(Cambridge University Press, Cambridge, 2006).
[35] T. Holstein and H. Primakoff, Phys. Rev. 58, 1098(1949).
[36] M. Frasca, Ann. Phys. 313, 26(2004).
[37] X. Z. Yuan, K. D. Zhu, and H. S. Goan, Eur. Phys. J. D 46, 375(2008).
[38] C. W. Helstrom, Quantum Detection and Estimation Theory(Academic Press, New York,
1976).
[39] A. S. Holevo, Probabilistic and Statistical Aspects of Quantum Theory(North-Holland, Ams-
terdam, 1982).
12
Figure Captions
Fig. 1
(a). The dynamical behavior of the two orthogonal with the collinear Bloch vectors
during the time interval Jt ∈ [0, 3] are plotted in the Bloch sphere when ǫ = 2J , J0 = J and
T = J ; (b). The dynamics of these vectors during the time interval γt ∈ [0, 3] is also shown
in the nonunital Markovian map when the decaying parameter is p(t) = exp(−γt) with the
positive value of γ > 0. The black lines and blue ones denote the Bloch vectors for the
initial state |ψ1(0)〉 = 1√2(|1〉+ |0〉) and |ψ2(0)〉 = 1√2(|1〉− |0〉) respectively. The black solid
arrows are the Bloch vectors at t = 0 and blue dotted arrows represent the Bloch vectors
after the time interval.
Fig. 2
The dynamical processes of the Bures angle between the Bures angle between the max-
imally mixed state and the selectable trajectory state are plotted in order to measure the
degree for the nonunital non-Markovianity under the condition of τ = 2 and J0 = J .
Fig. 3
The nonunital non-Markovian effects of the bath on the quantum Fisher information for
composite states with the parameter ϑ = π/2 are demonstrated when the bath temperature
T and the local magnetic field ǫ are changed. In the case of ǫ = 6J , T = J and J0 = J , the
blue solid line represents FQCϑ for the initial entangled state and green line denotes FProdϑ for
the product coherent state. The black dotted line is the one for FQCϑ when ǫ = 2J , T = J
and J0 = J . And the red dashed line is the one for FQCϑ when ǫ = 2J , T = 6J and J0 = J .
Fig. 4
The time-dependent derivatives of the Bures angle (red line) and quantum Fisher infor-
mation (black line) for entangled initial states with ϑ = π/2 are shown when ǫ = 6J , T = J
and J0 = J .
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